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Theorem. (Hasse, Weil) IfC is a non-singular irreducible curve of genus g
defined over the finite field Fp,, then the number of points on C with coor-
dinates in F,, is p+ 1+ €, where the “error term” ¢ satisfies |¢| < 2g./p.

It would take us too far afield to actually define the genus, but that will
not matter. Let us just say that whenever you have a curve F(z,y) = 0,
there is a non-negative integer g associated to it called its genus; and as
long as the curve is not too singular, the genus increases as the degree of F'
increases. For example, the Fermat curve z™ + y™ = 1 has genus equal
to 1(n —1)(n — 2) (assuming p does not divide n). In particular, the cubic
curve 3 4+ > = 1 which we will be studying in Section 2 is a curve of
genus 1. More generally, any non-singular curve given by a cubic equation
is a curve of genus 1; so an alternative title for this book would have been
“Rational Points on Curves of Genus 1”! (But that might have sounded
too forbidding to the uninitiated.)

For an elliptic curve C over the finite field I, the Hasse-Weil theorem
thus gives the estimate

—2/p < #C(Fp) —p—1<2/p.

The Hasse-Weil theorem is also called the Riemann hypothesis for curves
over finite fields because there is an alternative way to state it which is
analogous to the famous, as yet unsolved, Riemann hypothesis. The theo-
rem was conjectured by E. Artin in his thesis, was proved by Hasse [1] in
the case g = 1 (i.e., for elliptic curves), and was proved by Weil [1] for arbi-
trary g. An amazingly deep generalization to higher dimensions, suggested
by Weil [2], was proved by Deligne [1].

For some special cubic curves, the result is due to Gauss. In the next
section we will give Gauss’ proof of one of these special cases.

2. A Theorem of Gauss

In the last section we described an estimate for the number of solutions to a
cubic equation over a finite field. Certain special cases of that theorem were
proved by Gauss. We are going to discuss one of those cases, the Fermat
curve

3443 =1.

This comes from Gauss’ Disquisitiones Arithmeticae, Article 358; it is the

first non-trivial case of the theorem ever treated. If you want, you can read

about it in Latin in the Disquisitiones. (It’s easy Latin. Or you can read it

in the language of your choice — there are several translations available.)
We take the curve in homogeneous form

2®+y°+2°=0
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and consider solutions in the projective sense. That is, we do not count the
trivial solution (0,0,0); and we identify a solution (z,y,z) with all of its
non-zero multiples (az, ay, az). With these conventions, we can now state
the theorem of Gauss.

Theorem. (Gauss) Let M, be the number of projective solutions to the
equation
2+ +23=0

with z,y, z in the finite field F.
(a) Ifp# 1(mod 3), then M, =p+1.
(b) If p =1 (mod 3), then there are integers A and B such that

4p = A% 4+ 27B2,

A and B are unique up to changing their signs, and if we fix the sign of A
so that A = 1 (mod 3), then

M,=p+1+A.

Note that if p = 1 (mod 3), then the equation 4p = A? + 27B? implies
that A2 = 1(mod3). So A = +1(mod 3), and replacing A by —A if
necessary, we can always make A = 1(mod 3).

Since B2 > 0, it follows that A% = 4p — 27B? < 4p; and so |A| < 2,/p.
Since the genus in this case is g = 1, the Hasse-Weil theorem says that we
should have |M, —p — 1| < 2,/p. But M, —p—1 = A, so we do indeed
have a special case of the theorem.

Before beginning the proof of Gauss’ theorem, we make a few remarks
about the field F,. This field consists of p elements, 0,1,...,p — 1. The
multiplicative group F; of F,, consists of the non-zero elements 1,2, ...,p—1
with the group operation being multiplication.

The multiplicative group Fj is a cyclic group of order p — 1. Why is
it cyclic? Well, if G is a non-cyclic finite abelian group, and if £ is the
least common multiple of the orders of its elements, then £ < #G (strict
inequality) and every element of G satisfies the equation xf = 1. In other
words, the equation zf = 1 has more than ¢ solutions in G. But over a field,
a polynomial equation never has more roots than its degree. Hence, the
multiplicative group of a finite field is cyclic. More generally, if K is any
field, and if G is a finite subgroup of its multiplicative group K*, then G is
cyclic. You may have run across this fact when K is the field of complex
numbers and G is a finite group of roots of unity.

Using this elementary fact about Fy, the first part of Gauss’ theorem
is easy.

ProorF. (of Gauss’ theorem) (a) For this part we suppose that

p # 1 (mod 3).
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Then 3 does not divide the order p — 1 of the cyclic group Fy. It follows
that the map = — 3 is an isomorphism from F; to itself.
For example, if p = 5, then in F5 we have

13=1, 22=3, 3¥=2 4*=4

And, of course, 03 = 0, so in the case that p # 1 (mod 3), every element of F,,
has a unique cube root. Thus, the number of solutions of 3 + 33 + 23 =0
is equal to the number of solutions of the linear equation z + y + 2z = 0.
This is the equation of a line in the projective plane, so it has exactly p+1
points rational for F,,. Therefore, M, = p+ 1. So the case p # 1 (mod 3) is
extremely easy.

(b) Now we consider the case that p = 1 (mod 3). Let us write

p=3m+1.

Since 3 divides the order of the group F;, the map z — z3 is a homomor-

phism of F} to itself which is neither one-to-one nor onto. The image of
this homomorphism is a subgroup which we will denote R, so

R={z*:zcF;}.
The subgroup R has index 3 inside F;. The kernel of the map z — z3
consists of three elements 1, u, u? satisfying u® = 1. For example, if p = 13,
then R = {#£1,45}, and the kernel of the homomorphism = — z3 consists
of the numbers 1, 3,9 € F7;.

The elements of R are called cubic residues. We will let S and T be the
other two cosets of R in F,. For example, if we take any s € Fj, which is not
in R, then we could let S = sR and T = s?2R. As illustration, if p = 13, we
can choose s = 2, and then § = 2R = {+2,+10} and T' = 4R = {£4,%T7}.

In general F,, is a disjoint union,

F, ={0}URUSUT.

The number of elements in each of the sets R, S, T is m. Notice also
that —1 = (~1) is a cube, so R = —R, § = —S, and T = —T. (This
means that if r € R, then —r € R; and similarly for S and T'.) Thinking
in terms of R, S, and T is the key to finding the number of solutions
of 23+ y3+23=0.

We want to express the number of solutions M, in terms of R, S,
and T'. It’s a question of counting. We need to introduce a symbol. Suppose
that X,Y, Z are subsets of the field F,. We let [X,Y, Z] or [XYZ] denote
the number of triples (z,y, z) such that

zeX, yeY, ze€Z, and z+y+2=0.

What is the number of solutions M, in terms of this symbol? Let’s
first consider the solutions of 3 + 3+ 22 = 0 where none of z, y, z are zero.
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The number of ways of writing zero as a sum of three non-zero cubes is
obviously [RRR]. But for each non-zero cube there are three possible field
elements which give that cube. Thus, there are 27[RRR] solutions (z,y, z)
of 23 + y2 + 22 = 0 with z,y,z non-zero. But we have agreed not to
distinguish proportional solutions (z, y, z) and (az, ay, az). There are p—1
choices for the multiplier a. Thus, there are 27&?“ = Q[RTSR] projective
solutions of z3 + y3 + 2% = 0 in which none of z,y, z is zero.

How many solutions are there if one of them is zero, say z = 0. Then
neither z nor y can be zero, because we do not allow (0,0,0). So we
can pick anything non-zero for z, and once we do that there are three

possible values for y, namely the solutions of y®> = —z3. This has three
solutions because as we noted earlier, the group F, has an element u of
order three; and so for a given z, the equation y> = —z3 has the three

solutions y = —z, —ux, —u?z. Thus, there are 3(p — 1) triples (z,y,0) such
that 23 + y3 = 0. Similarly for y = 0 and for z = 0, so there are 9(p — 1)
triples (z,y, z) such that z3 + 43 + 23 = 0 and one of z,y, z is zero. Since
we do not distinguish proportional triples, we must divide by the p — 1
possible multipliers; and so there are %ﬁz = 9 projective solutions with
one coordinate zero.

Combining these two calculations, we have shown that

by ST g g (18R]

The symbol [XYZ] has many marvelous properties which are easy to
verify, such as the following:

[XY(ZUW)] = [XYZ]+ [XYW] fZnW =4.
[XYZ] = [aX,aY,aZ] for any a # 0, where aX = {az : z € X}.
[XYZ] = [XZY] = [YXZ] = [YZX] = [ZXY] = [ZY X].

Thus, since F, = {0} URU S UT is a disjoint union, and [RRF,] = m2, we

hav
° [RR{0}] + [RRR] + [RRS] + |[RRT] = m2.

Now fix elements s € S and t € T. Since [RRS] = [sR, sR, sS| = [SST]
and [RRT| = [tR,tR,tT) = [TTS], we obtain

[RR{0}] + [RRR) + [SST] + [TTS] = m?. (%)

Again using F, = {0} URU S UT and the obvious fact [F,T'S] = m?, we
get '
[{0}T'S] + [RTS] + [STS] + [TTS] = m®. (%)

Now [{0}T'S] = 0 because —S = S and SNT = 0. Also [RR{0}] =m
because —R = R. So if we subtract (%) from (x), then we get

m + [RRR] = [RT'S];
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and so we have the beautiful formula

Now we just have to find a clever method of getting [RT'S]. What we
are going to do is look at some complex numbers called cubic Gauss sums.
These complex numbers that we use in the proof are gadgets for keeping
track of information about the sets R, S, and T'.

We recall a little bit about p** roots of unity. (See Figure 4.1.) Let { =
e2™/P_ The ptt roots of unity are then 1 = ¢%,¢,¢2,...,¢P~ 1. Now ¢ = ¢?
if and only if a = b (mod p), which really means that (* makes sense if a is
an element of our finite field a € F,. Further, if a,b € F,, then ¢¢+° = ¢2¢%.

We define three complex numbers a;, as, az which are sums of powers

of :
= Z Cra
r€R
Qg = ZC31
seS8
Qg = th
teT

The complex numbers aj,as,as are thus each a sum of m different p*®
roots of unity; they are called cubic Gauss sums. It turns out that they are
the three roots of a polynomial equation with integer coefficients, and that
equation is what we next need to derive.

To do this, we multiply together two of the a;’s, say asas.

amag =) Y (¢t= Y T =)" No(5

seS teT s€S,teT z€F,
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where NV, is the number of pairs (s,%) with s € S, t € T, such that s+t = z.
We observe that for r € R,

Ny = [ST{—=z}] = [rS,rT,{—rz}] = [S,T,{—rz}] = Nyq,
so that IV, only depends on the coset R, S, or T that z lies in. Thus,

[STR] ifz € R,
mN, = [S,T,Rz] = { [STS] ifze€ S,
[STT] ifzeT.

Define integers a, b, ¢ by

[STR] = ma, [ST'S] = mb, [STT) = me.

Then
M, = 9a

and

asasz = aay + bag + cas.

A similar calculation gives

azoy = aas + bag + ca;,

a0z = aag + bay + cas.

From now on you can relax because everything else is merely substitut-

ing one formula into another until we find an expression for the integer a.
Since

0=¢" 1= -1+ 4 +¢+1)
and ¢ # 1, we have (P~} + (P2 4 ...+ ( +1 = 0. Hence,

a1 +as+az=-—1

because the three a;’s include all powers of ¢ except ¢(°. Now adding up
the three formulas for the a;c;’s, we find

o102 + ajag + asag = (a +b+ c)(a1 “+ a9 + (!3) = —-(a +b+ C).
But
m(a+ b+ c) = [STR] + [STS] + [STT]
=[ST(RU S UT)] = [STF,] — [ST{0}] = m?,

so we find that
a10g + ayag + agag = —m.












